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Bulk gravitational field and dark radiation on the brane in a dilatonic brane world
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We discuss the connection between dark radiation on the brane and the bulk gravitational field in a dilatonic
brane world model proposed by Koyama and Takahashi where the exact solutions for the five-dimensional
cosmological perturbations can be obtained analytically. It is shown that the dark radiation perturbation is
related to the non-normalizable Kaluza-Klg¢iKK) mode of the bulk perturbations. For the de Sitter brane in
the anti—de Sitter bulk, the squared mass of this KK modeH$, avhereH is the Hubble parameter on the
brane. This mode is shown to be connected to the excitation of a small black hole in the bulk in the long
wavelength limit. The exact solution for anisotropic stress on the brane induced by this KK mode is found,
which plays an important role in the calculation of cosmic microwave background radiation anisotropies in the

brane world.
DOI: 10.1103/PhysRevD.70.043513 PACS nunifer98.80.Cq, 04.56:h
[. INTRODUCTION bation is that it is no longer the radiation fluid once we

consider the perturbation. This is becalisg, could have a

In the past few years, a lot of effort has been devoted tmontrivial component of an anisotropic stress. This renders
the investigation of the brane world scenario, where our Unidistinguishable features for a dark radiation perturbation
verse is a hypersurface, called a brane, embedded in feom an usual radiation fluid.
higher-dimensional bulk spacetime. Especially, models pro- BecauseE,, is determined by the bulk gravitational field,
posed by Randall and Sundrum have attracted much atteit-cannot be determined solely by the four-dimensional equa-
tion in the context of gravity and cosmolo@i%—3]. In their  tions on the brane in general. Nevertheless, it is possible to
second modelRS model, a positive tension brane is embed- know some features of this tensor by using constraint equa-
ded in five-dimensional anti—de SittékdS) spacetime. The tions on the brane obtained by the four-dimensional Bianchi
standard model particles are confined to the brane while thiglentity. In the background spacetime, the four-dimensional
gravity can propagate in the bulk. An interesting feature ofequations are sufficient to show tHaf,, induces the radia-
their model is that four-dimensional gravity can be recoveredion fluid on the brane. In order to determine the amplitude
at low energy despite the infinite size of the extra dimensionof the energy density of dark radiation, the information in the
It breaks the conventional idea that the extra dimension mudiulk, that is, the mass of the black hole in the bulk, is
be compact and small. The extension of the RS model tmeeded. In the case of perturbations, it is impossible to de-
dilatonic brane worlds has been intensively investigatedermine the anisotropic component &f,, only from the
[4-15. four-dimensional equations. It is necessary to calculate the

When we discuss the gravity on the brane, it is useful tgperturbations in the bulk.
derive the effective four-dimensional Einstein equation on The attempt to connect the dark radiation perturbation on
the brane first developed by Shiromizu, Maeda, and Sasakie brane to bulk perturbations was made in R26). How-
[16,5]. The effective four-dimensional Einstein equation in- ever, in the RS model, it is impossible to find the analytic
cludes the termg,,, which is the electric part of five- solutions for the bulk perturbations that properly satisfy the
dimensional Weyl tensor. This term is induced by the gravijunction conditions at the brane. Thus it is difficult to analyze
tational field in the bulk and carries the information in thethe precise relation between the dark radiation perturbation
bulk. In the RS model with AdS bulk spacetime, thg,  and bulk perturbations.
tensor can induce “dark radiation” on the brane in the ho- In this paper, we use a model given by Koyama and Ta-
mogeneous and isotropic background spacetime. It has be&ahashi29,30. This model is proposed in the context of an
realized that the appearance of dark radiation on the brane isflationary brane model induced by a bulk scalar figd—
related to the existence of a black hole in the bulk. 36]. The great advantage of this model is that the five-

Dark radiation provides interesting phenomena in thedimensional cosmological perturbations can be solved ana-
brane world cosmology. First, it modifies the expansion oflytically. Very recently, Kobayashi and Tanaka introduced a
the background Universe in the same way as done with usu@b+ m)-dimensional vacuum description of this model that
radiation[17,18. Second, it also gives important effects on makes the analysis of the cosmological perturbation simple
cosmological perturbations on the brane. The cosmologicdl37]. They found complete sets of the solutions for bulk per-
perturbations in brane worlds have been actively discussetlirbations. The main purpose of this paper is to clarify the
[19-26, and the possible impact on cosmic microwaveconnection between the dark radiation perturbation and bulk
background(CMB) anisotropies of dark radiation perturba- perturbations in the bulk in this exactly solvable model.
tion have been studiel®7,28. In this paper, we focus our The plan of this paper is as follows. In Sec. II, we briefly
attention on the dark radiation in cosmological perturbationsreview the background spacetime. We then derive the four-

The difficulty in the calculation of dark radiation pertur- dimensional effective Einstein equations and the equation of
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motion for the scalar field on the brane in Sec. Ill. In the Randall-Sundrum model. The value 8frepresents a devia-
dilatonic brane worldE,,, contains the contribution from the tion from the Randall-Sundrum tuning. This deviation drives
bulk scalar field. In order to make it easy to compare ouran inflation on the brane.

analysis with that in the RS model, we separate the contri- The solution for background spacetime is found as
bution from the bulk scalar field i ,, and define a new

tensor F,,,, which contains the information of the bulk ds?=e?"0)(—di2+e?*W §;dx dx + 2 2Predy?),
gravitational fields. In Sec. IV, we discuss the “dark radia- _
tion” in cosmological perturbations on the brane. First, we e(ty)=e(t)+E(y). ®)

find the dark-radiation-like solution for the constraint equa-
tions forF ,, obtained by the four-dimensional Bianchi iden-
tity. We also calculate the exact solutions oy, using the 1 1 ,A+4

solutions of the bulk gravitational field obtained in Refs. a?+ \/bec'pdzgngoz— 3\ Tée*2“7b"*", (6)

The evolution equations far(t) and ¢(t) are given by

[29,30,37. Then, comparing these two results, it is possible

to identify the bulk perturbation that induces dark-radiation- 5

like contributions on the brane. In Sec. V, we discuss the ¢+(3d+ \/EbK(;D)(;Dz_4\/§bK*l)\g_e72\e‘7bmp, @
connection between this bulk perturbation and the excitation A

e’ summarize the resulte and discuss tne arnisatropis sreQIETe he dot denotes the derivaive with respect o
induced by the dark radiation perturbation and its implication The solution fora(t) and ¢(t) can be easily found as
for CMB anisotropies. eV = (H,t)2BA+8)= (—H 4)23(4+2)] (8)

Il. BACKGROUND SPACETIME e 2bre() = H t=(—H 5)BA+8)3(A+2)] 9)

We first review the background spacetif29,30. We  where
start from the five-dimensional Einstein-Hilbert action with a

bulk scalar field, _ 3A+8 (A [ &
— 5
S—f d°xv—gs 2K2R_ Eau‘f"w@_/\(@)) and a conformal timey is defined as
3A+8
_ —ad— —2/(3A+8);[3(A+2)]/(3A+8)
—f d*x\= s\ (o), (1) 7 Je dt=3a52) Ho t :
(11

where«? is five-dimensional gravitational constant. The po-
tential for the scalar field in the bulk and on the brane ar
taken to be exponential:

We should notice that power-law inflation occurs on the
rane for—8/3<A<—2.
The solutions folW(y) and = (y) can be written as

A ‘
KA (@) =| g+ 5| \je 2 7xe, (2
eW(y):H(y)Z/[B(A-%—Z)]' eKE(y):H(y)z\st/(Mz)’
KN (@) = 2hge 2R, @) 12
) o ] where
Here\ is the energy scale of the potentibljs the dilaton
coupling, and we defined sinhH 1
=———"—  sinhHy;= ———. (13
8 )= Sinhry, oo Fiams
A=4b%— . (4)
3 Here we assumed/8+ §<0.

h he b hi The above five-dimensional solution can be obtained by a
We assume th&, symmetry across the brane. This type of .o dinate transformation from the metric

scalar field arises from a sphere reduction in M theory or
string theory. ds?=e?P@A(d2—d 2+ 5ijdxidxi), exe(?) = g3V2bP(2).

For 6=0, the static brane solution was foufd]. The (14)
existence of the static brane requires tuning between the bulk
potential and brane tension known as Randall-Sundrum turiwhere
ing. It has been shown that fa&x<—2, we can avoid the

presence of the naked singularity in the bulk and also ensure eP? = (sinhHy,) ~2PE+2)(Hz)?RE+2), (15
the trapping of the gravity. The reality of the dilaton coupling by

requires—8/3<A. Thus in the rest of the paper we shall

assume —8/3<A<-—-2. For A=8/3, we recover the z=— gy sinh(Hy),
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7=—mncoshHy). (16) divergence of the four-dimensional effective equations and
using the four- dimensional Bianchi identity, we obtain the
The metric(14) is often convenient because of its simplicity. constraint equations fdE,,
[In Sec. V, we calculate the behavior of the five-dimensional
Weyl tensor in the presence ofa perturbatlve!y small mass of DHE VZZLD,LT(b)_ DeMAq,, . (23)
black hole in the bulk not directly in E5) but in Eq.(14).] 3 my w
The background equations on the brane, E6sand (7),
can be described by the four-dimensional Brans-Dide)
theory with the action

BecauseE ,, contains the contribution from the bulk sca-
lar field, it is convenient to separate the contributions of the
bulk scalar field fromg ,, . We define

1 _ _ _ 2
S4,effzﬁf d*xyV—g, ‘PBDR_ ©g ((9<PBD) = \20(D,.D,p=0,,D%)
K
2 +2b%k%[D,¢D,¢—0q,,(D¢)?]
— | d*%V=04Veri(@ep), 17 < L
f aVettl ®BD +? DM(,DD,,(P_Zq,u,y(D(P)Z
where 6b? 2 o .—2\2bk
_ + 1 Nooe T, HF (24
(OF —e"Zb"‘P wpp~— 2" . . : i
2b We also rewrite the equation of motion for the scalar field on
the brane as
VAR 5A +4 1 19 b s
K ©BD) = N 2l
47eff¥BD A esp’ DZ¢+2bK(Dg)?—~4y2 —\Gre 2 Pe=F . (25
Il. EFFECTIVE EQUATIONS ON THE BRANE From the traceless condition EfM, FZ are related tCF‘P as
In this section, we derive the effective gravitational equa- F“=3\2bkF (26)
® ¢

tions on the brane using the covariant curvature formalism
developed in Refd5,16]. Using the Gauss equation and Is- The equations derived from the effective actid¥) agree
rael's junction condition, we obtain the induced four- with Egs.(24) and(25) with F,,=0 andF,=0. ThusF,,
dimensional Einstein equations on the brane as and F, are expected to describe the contribution of KK
) modes. It should be noted that a similar decomposition of
B~ 4 £ o) E,, was considered in Ref38].
Cpur= At 3" Tuv ™ By (19 MSubstituting the expression fdt,,, Eq.(24), and using
the equation of motion for the scalar field, E85), we can
where rewrite the 4D Bianchi identity23) as

5 D“F ,,+\/2bkD*¢F ,,= — kD ,¢F . (27)
T()=D,¢D,¢— 50,,(D¢)’, (20 g g ¢

In general, this constraint equation is not sufficient to com-

2 2 1 ( d)‘ﬂ pletely determine the behavior &f,, andF, on the brane.

K

(A= — —
A > A+ —NA\

6

IV. DARK RADIATION IN COSMOLOGICAL
PERTURBATIONS

8lde

= E)\ge‘mbw, (21 In this section, we consider the dark radiation in cosmo-
logical perturbations on the brane. Since dark radiation cor-
and responds to scalar-type perturbations, we restrict our atten-
tion to cosmological perturbations of this type throughout the
E.= (5)CWVBn“nﬁ. (22)  paper. It is assumed th&,,=0 andF =0 for the back-
ground spacetime in Koyama-Takahashi model.
We definedD p s the covariant derivative with respect to the  First, we show that dark radiation appears as a solution of
induced metric on the brane. We note that four-dimensionalhe constraint equations f@F ,, and 6F, on the brane, Eq.
cosmological constarft)A is proportional tos, which rep-  (27), at large scales in Sec. IV AF ,, and 6F, have four
resents a deviation from the Randall-Sundrum tuning. Théndependent variables for scalar perturbations. We also show
four-dimensional gravitational equation on the brane, Eqthat two of the four variables cannot be determined by their
(19), includes the projected Weyl tenshr,,, which cannot  constraint equationé27).
be determined without solving the bulk dynamics in general. Next, we calculate the exact solution 6F ,, and 6F,
This term plays an essential role when we consider the cosaising the solutions for the five-dimensional perturbed Ein-
mological perturbations in brane world models. Taking thestein equations obtained by Ref£9,30,37 in Sec. IV B.
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We then investigate the relation between dark radiation and B. View from the bulk
bulk perturbations. In the preceding section, we showed that we must solve
the bulk gravitational field in order to completely determine
A. View from the brane the contributions of,, andF, to cosmological perturba-

tions on the brane. Here, we first summarize the two inde-
pendent solutions of five-dimensional Einstein equations for
scalar perturbations obtained in R¢87] in Sec. IVB 1.

Using these solutions, we then calculate and investigate the

Here we consider dark radiation as a solution of the con
straint equations fosF ,, and 5F, on the brane, Eq27).
First, we expandsF ,, in terms of the scalar harmonics as

SF = OpeY, behavior of the contributions d¢f,, andF , to cosmological
perturbations on the brane in Sec. IV B 2. Finally we discuss
_aa ‘ their relation to dark radiation in Sec. IV B 3.
5Ft| € 5QFY| '

1. Solutions of the bulk gravitational field

1
oFj; = g2 §(5pF+3\/§bK5F¢)Y5” +omeYij |, Here, we present the two independent solutions of five-
imensional Einstein equations for scalar perturbations ob-
28) di ional Ei i [ f I bati b
tained in Ref[37]. The perturbed metric and scalar field are
where Y (k,x)<e'** is the normalized scalar harmonics and given by
the vectorY; and traceless tensof; are constructed frony dszzezww){ezﬁbw(t)(lJrZNY)dyz+2AYdtdy
aSYi:—k_lY'i, Yij:k_zY’ij‘i‘&in/s. . .
The four-dimensional perturbed Einstein equations and —(1+ 2®Y)dt2+e2“(t)[(1+2\PY)5ijdx'de
the equation for the scalar field are not closed but include
four variables dpg, 69g, dmg, and 6F,. The concrete
forms of these equations are presented in Appendix A. On . -
the other hand, there are constraint equations’ep, and ¢=o() TE(y)+ deY. (3D

oF, [Eq. (27)]. For scalar-type perturbations, these becom&ue note that any gauge condition is not imposed here.

+2EY;;dXdxX +2BY;dXdt+2CY;dxdy]},

two equations as follows: Under a scalar gauge transformation,
(9, +4a+\2bke)Spr—ke *8q-=0, t—t=t+ &y,
(29) -
y—y=y+&y,
(0r+4a+2bke) 5q¢ o
) L X —x'=x'+ Y1, (32
+ke §57TF_ §5PF_ \/Eb"ﬂ:w =0. the metric variables transform as
(30 N—N=N-¢" - W&/~ 2bre¢!,
Here we used the condition, Eq26). At large scales AA=A+ " —e2Prey.

ke”“/H—0, we can neglect the term proportionaldgg in

Eq. (29. The solution of dpg is given by J&pg

= 5Ce 42~ ?bx¢_Thijs corresponds to dark radiati¢here-
after we call this dark radiation although this does not be-
have as a radiation fop#0). It can be checked that the
integration constandC is related to the perturbatively small

CHE=C+e_2“+2"§b"‘Pk§y—§S',

P-D=d-W&—¢,

black hole mass in the bullsee Sec. ¥ On the other hand, B—B=B—e 2%k¢'- &5,
we cannot determinéw because it is dropped from Eq. _
(30) for ke”“/H—0. This uncertainty prevents us from pre- E—-E=E+ké&S,

dicting CMB anisotropies in brane world mod€l&7,28.
This issue is discussed in the Sec. VI.

Since there are only two constraint equations, two of the
four variables cannot be determined. On the other hand, there
are two physical degrees of freedom in the bulk for scalar- 590%55: So—e—E'g, (33)
type perturbations. One of them corresponds to the scalar
field and the other to the graviscalar. To investigate the relawhere the prime denotes the derivative with respegt. tim
tion between dark radiation and bulk perturbations, we needur background spacetime, the gauge fixing condition im-
to obtain the exact solutions fa@i-,, andSF . This can be posed in Ref[37] corresponds to
achieved only when we solve the bulk gravitational field and
determine the behavior of the two unknown variables. N= \/be&p, A=C=0. (34)

— 1 .
W= SkeS-W - g
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These conditions do not fix the gauge completely. We usavhereH , is an arbitrary linear combination of Hankel func-
this remaining degree of freedom to keep the brane locatiotions H") and H®. We note that the number of physical
unperturbed ay=y,. Then, the boundary conditions on the degrees of freedom is one for the zero mode. This solution is
brane for all the remaining variables become Neumanmlready obtained by Koyama and Takahdst8,30.

boundary conditions: The solutions for the KK modes in the gauge condition

(34) are obtained as
ayN|yO=ay¢>|y0:ay\If|yo=ayE|yO:(9yB|y0=o. (35)

Nm=V2bx Sep
All variables can be expanded by the same mode func-
tions in they direction as 13A+8
=3 a5z (clu—Dknpi, 4
O=0P(t + D (T ey 36
oD (V) + 2 Pt ¢m(y) (36) +(iv+ ) (iv+p—1)p;, ]+ 21,0, (42)
where ¢y, is constant, and ®, = cy(—kp)2p;,+No, 43)
Ym(y) =c(sinhHy) Y2 B~ V2"~ (coshHYy), L
V== sc1(—kn)?pi,, (44)
Bf(coshHy) = QY34 ,(coshHyg) P#(coshHy) m=~3C(kn)’p
—PYZ (coshHyo) Q5 (coshHy), , 2
37 Em=Cu(—kn)piy= 7 Cal(2u—Dknpi,—o
1 it ) (it a1 N 3A+8 45
h==ara) (39) (vt w)(iv+p=Dpi ]+ {7 Copiv, (49
m2 Bm=2cie" *knpl(iv+u—1)p;,+knpi,—1]. (46)
v(m)= - 2, (39 . . .
H We should note that the solution obtained in RE30]

is a particular solution where; and ¢, are related(see

where c is a normalization constant. The first and secondAppendix B.
terms in Eq.(36) represent the zero and KK modes, respec-
tively. m? represents the squared KK mass for observers on 2. Solutions for Ky, and F,
the four-dimensional brane. There is a mass gap= uH
between the zero mode and the KK continuum. The mode
with 0<m<uH are not normalizableP; andQj are asso-
ciated Legendre functions.

We now turn to the mode functions in thelirection. For

Next, we calculate the solutions féF ,, and6F ,, using
the solutions of the bulk gravitational field summanzed
above. The above two solutions are obtained in the Gaussian-
normal gauge condition with respect to the brane. After a

h q h h q ¢ freed auge transformation to the longitudinal gaulgee Appen-
the zero mode, we have another gauge degree of freedom. fg g) \ye substitute the solutions projected on the brane into

is eviden'g frorr)SIEq(SS), gauge transformation satisfyid ¢ four-dimensional perturbed Einstein equations in Appen-
=0 and¢''=¢ 0 do not disturb the condition®4). We iy A [Egs. (A2), (A4), (A5), and (A7)]. Then we obtain

can use this degree of freedom to Bet E=0, because the SF,, and 5F , as
solutions do not depend onfor the zero mode. The solu-
fions are given by Spr=—C18"2py,(1) Uin(Yo), @7
No=2bk 5¢q -
Sqe=cie” *(kn) '[(iv+u—1)pi(7)
1A+2 3A+8
s SR, pﬂ_z), +knpra (D) (Yo, (48)
24+2 1 Sre=Eliv u— e 2| — (p. ()
Vo= ~Coz xvg| Pt avalu-2) o
— _ M iv+ M Pi V( 77)
(DO_ \PO NO: (40) +mpiv_2(ﬂ)) _2A+4 ||(2772 1,//m(y0)
wherec, is a constant ang,, is defined as 3A+8
+3 e 24(kp) " 2p;, , 49
pa(n):(_kn)p,Ha(_kn), (41) 2 A+4 ( 77) Pi (ﬂ)‘//m(YO) ( )
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8F ,=C1\2bk Hiv+pu—1)e 22

vt pi(m) 7
A+4 (2p2 (iv+tpu—1)(iv—1)

XLpin(m)+piv—20m] | ¥m(Yo)

~ 4\/§bK71
+Co— g€ (k) i (M Ym(yo),  (50)
where
~ m?
Cl=(iV+M)(iv—M)k201=—szcl, (5D
Cz=(iv+,u,)(iv—,u,)k202=—mkzcz.
(52

As expectedgF ,, and F, vanish form?=0.

3. Dark radiation and bulk perturbation

PHYSICAL REVIEW D 70, 043513 (2004

for —k»—0. The time dependence &g coincides with
that of the solution of the constraint equati(@®) for large
scales. It should be noted that the conditiont ©—1=0
can be written as
m?=(2u—1)H?(<u?H?). (58)

This is quite an interesting result. The dark radiation corre-
sponds to a non-normalizable KK mode. For the RS model
b=0, the mass squared become4$?2

It should be also emphasized that the behaviobof,
which corresponds to dark radiation, is obtained Héfa.
(56)]. This variable cannot be known by the constraint equa-
tion (30) becausesw¢ is dropped fork—0. As mentioned
above, this uncertainty prevents us from predicting CMB
anisotropies in brane world mode[27,28. This issue is
discussed later in the Sec. VI.

V. BLACK HOLE IN THE BULK AND A KK MODE

In the preceding section, we showed that dark radiation
corresponds to a non-normalizable KK mode of cosmologi-
cal perturbations. Here, we discuss the connection between
this KK mode and the black hole in the bulk when the black
hole mass is perturbatively small.

In Sec. IV B 2, we calculated the contributions of the bulk  There is a black hole solution for a bulk scalar field with
perturbation toF,, andF, on the brane. Here, we discuss an exponential potential, which coincides with the back-
their relation to dark radiation. As mentioned before, thereground spacetime of the Koyama-Takahashi model when the
are two physical degrees of freedom in the bulk for scalablack hole mass vanishes. We first review this black hole
perturbations. One of them corresponds to the scalar fielgolution in Sec. V A. We also calculate the behavioiEof,

and the other to the graviscalar. Since thecomponent of
Spg vanishes, it is expected that the solutioncgfincludes

in the case where the black hole mass is perturbatively small.
We also calculate the perturbation®f, using the solutions

dark radiation at large scales and thus corresponds to thgf the perturbed five-dimensional Einstein equationsifor

graviscalar. This can be explicitly shown if we take+ u
—1=0 and a linear combination of Hankel functions:

HOP(—kp)+e 2 HP(—kp)=2e7"*")_,, (59
such thatH ,(—k#»)«(—k»n) ¢ for —knp—0. In this case,
the above solutions fofF ,, and 6F, becomes

Spp=—(1— ZM)Cleizapl_,Ll//m(yO)

o _Eleflla* \s“ibmp, (54)
~ —knp _, 5
8> —Cy o da—2bre, (59
~ (_kﬂ)z 4 b
— T @ 4a—NeDbko
O A gt 1)
~ 3A+8 .
—2a—4a—2bke
tCoy g e , (56)
OF ,Cq\2bk ™ te™ 4am 2oxe
- 4\2bk1 =
+ CZW 7772e74a* v‘sz(p' (57)

+u—1=0. It is shown that the asymptotic behavior ©f
in the bulk coincides with that which originates from the
black hole in the bulk.

A. Black hole solution with a bulk scalar field

Here we review a black hole solution with a bulk scalar
field that has the exponential potential in the bulk, E).
When the black hole mass vanishes, this solution coincides
with the background spacetime of the Koyama-Takahashi
model.

We can find a static solution for the bulk with vanishing
cosmological constant 440,13,39

ds?=—h(R)dT?+ h?’(A;dRZJF R%s;dx'dx), (59
©=32bk~1In(R) (60)

where
h(R)=X2R?— CR®"" 2 (61)

and C is an arbitrary constant that is related to black hole
mass. Here we defined
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2 B. Perturbations of E,,, in the bulk

8

1+6—

\g= X (62

18 Here we calculate perturbations &f,, in the bulk, using

the solutions of the five-dimensional perturbed Einstein
For b=0, this solution becomes AdS-Schwartzshild. Theequations foriv+u—1=0 at large scales. In Appendix C,
Friedmann equation on the brane with the tengle. (3)]is ~ we present the perturbation formula for the five-dimensional
obtained ag13] Weyl tensor in the Gaussian normal gauge. Substituting the
solutions of the bulk gravitational field, we get

R\> 4/ &
(_ :_(_ ASR7(3A+8)+CR7(3A+16)/2, (63) A - 1 5
R 9\-A OEy=— chk € aplf,u m(gy‘ﬂm(y)_‘pm(y) .
where dot is the derivative with respect to cosmic time on the (71)

brane.
ForC=0, the background spacetini®4) can be obtained
from this metric by a coordinate transformation,

Here we tookiv+ u—1=0 and —k»—0. Using the solu-
tion for ¢, (y), they dependence dE;; can be evaluated as

) 213(A+2)

3. L
R=( _E)\O(A"_Z)Z , (64) H2 YWm(Y) = m(y)

2u
, =~ io. (sinhHy) 2" #B32”#(coshHy).
T==. (65

(72

When there is a perturbatively small mass of black hole inOn the brane, due to the junction condition, we can show that
the bulk, the metrid14) is modified as B3z o
Byj5-J.(coshHyq) = (1-2u)By; 5, “(coshHyy). (73)

ds?=e?P@{[1+ 6Cf(z)]dZ o
ThenE, on the brane is given by

—[1-5Cf(z)]dr*+ &;;dx dx}, (66)
A

where OEw(Yo) = & Clk e 2*upi_ ,¥m(Yo)- (74)

1 i Comparing this solution with Eq70), it is possible to ex-

f(z)= ﬁR(z)6b -4 (67)  pressc, by the black hole massC as
0
, 9 (~Hp? ! o

and 6C is perturbed black hole mass. It is noted that this cak ~a P1- s Ym(Yo) ~OC. (79

modification cannot be regarded as a perturbatia-at or

R—0. We focus our attention to the region sufficiently far We note that the left-hand side does not depend on time for
from the black hole so that the above modification can be-k»—0. We can also rewrite the induced four-dimensional
treated as a perturbation. We can easily calculate the fiveEinstein equation(19) in accordance with the Friedmann

dimensional Weyl tensor in this coordinate system as equation(63) as
! 2,2 WG, ,= i “Aq,,—E 76
CTZTZ=_Z(SCR(Z) &zf(Z) (68) uv_ﬁ qp,v nvo ( )
By a coordinate transformatio(l6), this is related to the where
Weyl tensor in our background spacetiit® as 2 2h2
—E =—E + _KZT(b)_ _)\Zée*Z\e‘?bmpq
3% nv 3% 0 mv "
c 2H2C (69) 3 A
nyny= 7 Tz7z (77)
Finally, we obtain the behavior df;: If we substitute the solutions fow+ u—1=0 and then use
o 9A5C I sinhHy )2M1 - the relation(75), E;; becomes
—_— e a— K _— - _
g sinhHyj — 8B =368Ce 4a™V2bxe, (78)

Other components can be obtained by the homogeneity andlearly, this corresponds to the dark radiation term in Eq.
isotropy of three-dimensional spatial coordinates and th€63). Finally we investigate they dependence oE,;. For
conditionE%=0. large Hy, they dependence dE,;; behaves as
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1 Now we discuss the behavior éfr related to dark ra-
—2<9§z//m(y)—z/;m(y)oc(sinth)Zf‘*l. (79  diation, which plays an important role when we compute
H CMB anisotropy in brane world models. As shown in Sec.

. . . . IV B 2, édw that originates from the perturbatively small
This behavior is precisely the same &%, derived from the black hole mass in the bulk is related &p. at large scales

black hole solution. Thus the correspondence is held also igs

the bulk.
In the perturbation solutions, there is also an anisotropic (—k)?
part of E,,,. The result foriv+u—1=0 is __\_"n
5 8 _kn® o (80)
7T vl e L . . . .
o 3Adu(p+1) Let us compare this result with the one obtained in Ref.

[28] in the RS two-brane model by solving the bulk geom-
etry using a low energy approximatidd0]. (It should be
noted that we are assumed to live on the positive tension
VI. SUMMARY AND DISCUSSION brane) In Ref.[28], the matter on the brane is assumed to
rlp(ave the equation of stae=wp. If we consider the four-

radiation and bulk perturbations in a dilatonic brane Worlddlmensmnal cosmological _constant as the matter on the
based on a model proposed by Koyama and Takahasffane &=—1), the model in Ref[28] corresponds to our
[29,30. We first derived the four-dimensional effective Ein- Model with b=0 except for the existence of the second
stein equations on the brane developed in REFL6]. We brang-. If the dlstf?mce b_etween two branes is constant, the
separated the contributions of the bulk scalar field fig . solution for an anisotropic component Bf,, becomes

Then the four-dimensional effective theory becomes the BD

where d7r¢ is defined in the same way withre .

In this paper, we discussed the connection between da

theory with the corrections given Hy,, andF,. We then 2 Ekz _, 0P

considered dark radiation in cosmological perturbations on Kaome= 5¢ 2 p (82)
the brane. The perturbed Einstein equations include the four

variablesépg, 6qg, ome, andéF ,, which carry the infor- 1 5C.a-4

mation in the bulk. There are two constraint equations ob- =_K2a 2" (83
tained from the four-dimensional Bianchi identity. We 5 p

showed that the dark radiation appears as a solution for the

constraint equations at large scales. wherea is the cosmic scale factor andp=3H?2. 5C, is the

We can derive a complete set of the solutions forintegration constant associated with the perturbation of the
opg, 69, 6w, and SF, only when we solve the bulk radion, which is defined as the physical distance between
gravitational fields, which have two physical degrees of freetwo branes. If we rewrite the above relation using the con-
dom: the scalar field perturbation and the graviscalar. Wegormal time, the result83) becomes
calculated 6pg, g, 6w, and 6F, on the brane using
these two independent solutions of the bulk perturbations (—kp)?
obtained in Refs[29,30,37. We found that if we take a Smp=
non-normalizable KK mode with mass®= (2u—1)H?, the 15
contribution from the graviscalar in the bulk corresponds to
dark radiation at large scales. We also checked that this sd-his relation is exactly the same as H1) for b=0 (u
lution corresponds to the excitation of a small black hole in=3/2). It is a somewhat surprising result. Despite the fact
the bulk by calculating5E,. It was shown that the thatthe low energy expansion scheme is applicable only for
asymptotic behavior obE,, induced by the KK mode with the two-brane model, our result shows that it can be used to
mass m?= (2 —1)H? precisely agrees with that derived investigate the bulk gravitational field in the one-brane
from the black hole solution with a small black hole mass. model if we choose the boundary condition at the second

The perturbation of the small black hole mass breakdrane properly. We plan a more detailed study on the effec-
down approaching the black hole. We need to include thdiveness of the low energy expansion scheme using our ex-
nonlinear effect. Thus we expect that non-normalizability ofactly solvable mode41].
the mode is cured if we take into account the nonlinear ef- In this paper, we did not consider the normalization of the
fect. For the homogeneous and isotropic cases, we know tHeerturbations. This can be fixed if we perform the quantiza-
resultant nonlinear solution, that is, the black hole spacetimdion of the perturbations. This was partially done in R&8]

A nontrivial result here is that the KK mode also induces arfor the scalar field perturbation. However, precisely speak-
anisotropic component d,,,, which vanishes in the long- ing, we need to quantize two degrees of freedom indepen-
wavelength limit. This anisotropic component has the sgme dently. This issue is also left for a future stugyl].
dependence a8E;;. Thus in order to discuss the bulk ge-

ometry at Iargd_-|y Wi_th ani_sotropy, it is_, necessary to find a ACKNOWLEDGMENT
nonlinear solution with anisotropy. This deserves further in-
vestigation. The work of K.K. is supported by JSPS.
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APPENDIX A: PERTURBED EINSTEIN EQUATIONS
ON THE BRANE

PHYSICAL REVIEW D 70, 043513(2004

—k2e™24( P + W + \2bk S¢) = S . (A4)

In this appendix, we present the perturbed effective four- ,
dimensional Einstein equations. The linear scalar metric anfor (1),

scalar field in the longitudinal gauge is taken as
ds?=—[1+2d(t)Y]dt?+e?[1+2V¥ (1) Y]5;;dx dx],

o=@+ 5¢Y. (A1)

. 2k? .
—2ke (V- a®)= ——ke "o+ J2brke @

X (8¢+\2bkpdp—@®)— q .

The perturbed four-dimensional Einstein equations are (A5)

given as follows. Fort(t),

. 4
6a2( P - .—) —2k%e "2y

a

+ \/Ekaze72“590

:_5p|:_3\/§bKa(P<(D_ -—
a

A+4
_2\/§bK A

N2oe~22bre 50, (A2)

For (i,i),
‘If+3a‘I’—2<Da—3a2¢—a(I>+§kze_2a(‘1’+<1>)
. S 1.. 1 .
=—ﬁbx<(w—2aq>)¢—<pcp—§¢q>+55¢

A+11/3
+

R . ..
+adp+ §kze_2“5<p K2((,02(I> —@dp)

A+4
+\/§bK A

)\g5e72v‘7bmp5¢

1
—g(ﬁpp+3\/EbK5F¢). (A3)

For (i,j),

Introducing a canonical variable for scalar perturbations,

3\2b

Q=6¢p— LW =5o— 2y, (A6)
o K
the perturbed scalar field equation can be rewritten as

O+ (3a+\2bke)Q+k2e 22Q
= —\2bk" X Spg+ dme)—SF,. (A7)

Here we used the scalar field equati(®b) and the four-
dimensional Einstein equation@2), (A3), and (A4). It
should be noted thad is related to the curvature perturba-
tion as

R.=+Q, (A8)
¢

which affects the amplitude of the CMB anisotropy.

The above Einstein equations and the equatiorfare
not closed but include the terms due to the KK modes. As
shown in the Sec. IV A, the constraint equatiof®y) for
oF ,, andoF , are not sufficient to determine these variables.
We must solve the bulk dynamics to completely understand
cosmological perturbations on the brane.

APPENDIX B: SOLUTIONS IN THE LONGITUDINAL GAUGE

In this appendix, we present the solutions of five-dimensional Einstein equations for scalar perturbation in the longitudinal
gauge. By a gauge transformation of the solutions given in Sec. IV B 1 to the longitudinal gauge, we get

2 ivtupu—1 |[A+2 _ coshHy ¢,
qu:_ 3(A+2) iv—1 C1 A+4(|V+M)(|V_/~L)Q(77)¢'m_9(77) S|nth W
2 ) Piv 3A+8 ivtu—1 2 Piv
+m(lv—1)(lv+,u)w§m()’) +3(A+4)Cz -] Q(ﬂ)lﬂerm(_kﬂ)z{m(Y) : (B1)
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A+4 coshHy wr’n)

2 . . . .
CI)L: 3(A+4)(IV+/'L)(IV+/~‘L_1)C1|:_ (|V+/.L)(|V_l) 9(77) (IV+/“L)(IV_/*L)1//m_ A+2 S|nth W
2 py, coshHy ¢y . Piy 3A+8 4pu—3
CA+2 (—kn)? sinhHy F+(IV_M)(3|V+3_’“)(_|(7])2 m 3(A+4)C2 ~ Pt 2(iv—1)
. . Piv 2 Piv COSth ‘/’r,n
X(Piv+Piv—2)+(|V_M)(3|V+3—M)(_k7])2) Y~ 272 (Zky)? SinhHy H | (B2)
NL:_\PL_@L! (83)
o ws ivtu—1
AL= 2K ey Cokpp ————(piy T piv-2)
3A+8 2c, . ) 1 .
- A+4 Co— 3A+8(|V+,LL)(|V+,LL_1) G(kﬂpiv—l+(lv_#+l)piv) ’ (84)
8o =3\2bk H(—Copy, + W), (B5)
where
e(n)=pi,+ Tt a1l (B6)
_ coshHy ¥,
En() = (7= W) G o (B7)
If we take
C,(3A+8
a( ) B8

vt vt p—1)
this solution becomes the one already obtained by Koyama and Tak&Bas3l.

APPENDIX C: PERTURBATION FORMULAS FOR 5D WEYL TENSOR

In this appendix, we give the Wey tensor in our background spacetime. Here we take the Gaussian normal gauge condition
(34). The explicit expressions are as follows:

eZW eZW+2\e‘7bK<p - . k. e ) k ) o )
C=—[®"-¥"]+ 5 [—N+\I’— 3B+ V2bke| &+ — 3B-2N|+a(N-d)
. . . .. k? - 2
—2N(\/§bkgo+2bzkchz—a— \/Ebkcpa) + Eezw+2“2b""’_2“ N+d—-2¥ — §E , (Cy
2, K2 2 Bbre 1
Co=— 5 WE"+ e?Wr2bre=2el _ON+ W+ D+ ZE
3 3 3
- gV PP B kB (E+ kB)(2\2bke—3a)+E(V2bke+2b%k2p?— a—2bkea)], (€2
where we expanded®)C ,,,, in terms of the scalar harmonics as
8B)Cyyy=CY,
(5) 2a 1
) Ciyjy:e §CY5|J+C2Y|J . (03)
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