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Bulk gravitational field and dark radiation on the brane in a dilatonic brane world

Hiroyuki Yoshiguchi and Kazuya Koyama
Department of Physics, University of Tokyo 7-3-1 Hongo, Bunkyo, Tokyo 113-0033, Japan

~Received 15 March 2004; published 17 August 2004!

We discuss the connection between dark radiation on the brane and the bulk gravitational field in a dilatonic
brane world model proposed by Koyama and Takahashi where the exact solutions for the five-dimensional
cosmological perturbations can be obtained analytically. It is shown that the dark radiation perturbation is
related to the non-normalizable Kaluza-Klein~KK ! mode of the bulk perturbations. For the de Sitter brane in
the anti–de Sitter bulk, the squared mass of this KK mode is 2H2, whereH is the Hubble parameter on the
brane. This mode is shown to be connected to the excitation of a small black hole in the bulk in the long
wavelength limit. The exact solution for anisotropic stress on the brane induced by this KK mode is found,
which plays an important role in the calculation of cosmic microwave background radiation anisotropies in the
brane world.
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I. INTRODUCTION

In the past few years, a lot of effort has been devoted
the investigation of the brane world scenario, where our U
verse is a hypersurface, called a brane, embedded
higher-dimensional bulk spacetime. Especially, models p
posed by Randall and Sundrum have attracted much a
tion in the context of gravity and cosmology@1–3#. In their
second model~RS model!, a positive tension brane is embe
ded in five-dimensional anti–de Sitter~AdS! spacetime. The
standard model particles are confined to the brane while
gravity can propagate in the bulk. An interesting feature
their model is that four-dimensional gravity can be recove
at low energy despite the infinite size of the extra dimensi
It breaks the conventional idea that the extra dimension m
be compact and small. The extension of the RS mode
dilatonic brane worlds has been intensively investiga
@4–15#.

When we discuss the gravity on the brane, it is usefu
derive the effective four-dimensional Einstein equation
the brane first developed by Shiromizu, Maeda, and Sa
@16,5#. The effective four-dimensional Einstein equation i
cludes the termEmn , which is the electric part of five-
dimensional Weyl tensor. This term is induced by the gra
tational field in the bulk and carries the information in t
bulk. In the RS model with AdS bulk spacetime, theEmn

tensor can induce ‘‘dark radiation’’ on the brane in the h
mogeneous and isotropic background spacetime. It has
realized that the appearance of dark radiation on the bran
related to the existence of a black hole in the bulk.

Dark radiation provides interesting phenomena in
brane world cosmology. First, it modifies the expansion
the background Universe in the same way as done with u
radiation@17,18#. Second, it also gives important effects o
cosmological perturbations on the brane. The cosmolog
perturbations in brane worlds have been actively discus
@19–26#, and the possible impact on cosmic microwa
background~CMB! anisotropies of dark radiation perturb
tion have been studied@27,28#. In this paper, we focus ou
attention on the dark radiation in cosmological perturbatio

The difficulty in the calculation of dark radiation pertu
1550-7998/2004/70~4!/043513~11!/$22.50 70 0435
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bation is that it is no longer the radiation fluid once w
consider the perturbation. This is becauseEmn could have a
nontrivial component of an anisotropic stress. This rend
distinguishable features for a dark radiation perturbat
from an usual radiation fluid.

BecauseEmn is determined by the bulk gravitational field
it cannot be determined solely by the four-dimensional eq
tions on the brane in general. Nevertheless, it is possibl
know some features of this tensor by using constraint eq
tions on the brane obtained by the four-dimensional Bian
identity. In the background spacetime, the four-dimensio
equations are sufficient to show thatEmn induces the radia-
tion fluid on the brane. In order to determine the amplitu
of the energy density of dark radiation, the information in t
bulk, that is, the mass of the black hole in the bulk,
needed. In the case of perturbations, it is impossible to
termine the anisotropic component ofEmn only from the
four-dimensional equations. It is necessary to calculate
perturbations in the bulk.

The attempt to connect the dark radiation perturbation
the brane to bulk perturbations was made in Ref.@26#. How-
ever, in the RS model, it is impossible to find the analy
solutions for the bulk perturbations that properly satisfy t
junction conditions at the brane. Thus it is difficult to analy
the precise relation between the dark radiation perturba
and bulk perturbations.

In this paper, we use a model given by Koyama and
kahashi@29,30#. This model is proposed in the context of a
inflationary brane model induced by a bulk scalar field@31–
36#. The great advantage of this model is that the fiv
dimensional cosmological perturbations can be solved a
lytically. Very recently, Kobayashi and Tanaka introduced
(51m)-dimensional vacuum description of this model th
makes the analysis of the cosmological perturbation sim
@37#. They found complete sets of the solutions for bulk p
turbations. The main purpose of this paper is to clarify t
connection between the dark radiation perturbation and b
perturbations in the bulk in this exactly solvable model.

The plan of this paper is as follows. In Sec. II, we briefl
review the background spacetime. We then derive the fo
dimensional effective Einstein equations and the equation
©2004 The American Physical Society13-1
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motion for the scalar field on the brane in Sec. III. In t
dilatonic brane world,Emn contains the contribution from th
bulk scalar field. In order to make it easy to compare o
analysis with that in the RS model, we separate the con
bution from the bulk scalar field inEmn and define a new
tensor Fmn , which contains the information of the bul
gravitational fields. In Sec. IV, we discuss the ‘‘dark rad
tion’’ in cosmological perturbations on the brane. First, w
find the dark-radiation-like solution for the constraint equ
tions forFmn obtained by the four-dimensional Bianchi ide
tity. We also calculate the exact solutions forFmn using the
solutions of the bulk gravitational field obtained in Re
@29,30,37#. Then, comparing these two results, it is possi
to identify the bulk perturbation that induces dark-radiatio
like contributions on the brane. In Sec. V, we discuss
connection between this bulk perturbation and the excita
of perturbatively small black holes in the bulk. In Sec. V
we summarize the results and discuss the anisotropic s
induced by the dark radiation perturbation and its implicat
for CMB anisotropies.

II. BACKGROUND SPACETIME

We first review the background spacetime@29,30#. We
start from the five-dimensional Einstein-Hilbert action with
bulk scalar field,

S5E d5xA2g5S 1

2k2
R2

1

2
]mw]mw2L~w!D

2E d4xA2g4l~w!, ~1!

wherek2 is five-dimensional gravitational constant. The p
tential for the scalar field in the bulk and on the brane
taken to be exponential:

k2L~w!5S D

8
1d Dl0

2e22A2bkw, ~2!

k2l~w!5A2l0e2A2bkw. ~3!

Herel0 is the energy scale of the potential,b is the dilaton
coupling, and we defined

D54b22
8

3
. ~4!

We assume theZ2 symmetry across the brane. This type
scalar field arises from a sphere reduction in M theory
string theory.

For d50, the static brane solution was found@7#. The
existence of the static brane requires tuning between the
potential and brane tension known as Randall-Sundrum
ing. It has been shown that forD<22, we can avoid the
presence of the naked singularity in the bulk and also en
the trapping of the gravity. The reality of the dilaton couplin
requires28/3<D. Thus in the rest of the paper we sha
assume 28/3,D,22. For D58/3, we recover the
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Randall-Sundrum model. The value ofd represents a devia
tion from the Randall-Sundrum tuning. This deviation driv
an inflation on the brane.

The solution for background spacetime is found as

ds25e2W(y)~2dt21e2a(t)d i j dxidxj1e2A2bkw(t)dy2!,

w~ t,y!5w~ t !1J~y!. ~5!

The evolution equations fora(t) andw(t) are given by

ȧ21A2bkẇȧ5
1

6
k2ẇ22

1

3
l0

2D14

D
de22A2bkw, ~6!

ẅ1~3ȧ1A2bkẇ!ẇ524A2bk21l0
2 d

D
e22A2bkw, ~7!

where the dot denotes the derivative with respect tot.
The solution fora(t) andw(t) can be easily found as

ea(t)5~H0t !2/(3D18)5~2Hh!2/[3(D12)], ~8!

eA2bkw(t)5H0t5~2Hh!(3D18)/[3(D12)], ~9!

where

H0[2
3D18

3~D12!
H, H52~D12!A2

d

D
l0 , ~10!

and a conformal timeh is defined as

h5E e2adt5
3D18

3~D12!
H0

22/(3D18)t [3(D12)]/(3D18).

~11!

We should notice that power-law inflation occurs on t
brane for28/3,D,22.

The solutions forW(y) andJ(y) can be written as

eW(y)5H~y!2/[3(D12)], ekJ(y)5H~y!2A2b/(D12),
~12!

where

H~y!5
sinhHy

sinhHy0
, sinhHy05

1

A212D/8d
. ~13!

Here we assumedD/81d,0.
The above five-dimensional solution can be obtained b

coordinate transformation from the metric

ds25e2P(z)~dz22dt21d i j dxidxj !, ekw(z)5e3A2bP(z),
~14!

where

eP(z)5~sinhHy0!22/3(D12)~Hz!2/3(D12), ~15!

by

z52h sinh~Hy!,
3-2
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t52h cosh~Hy!. ~16!

The metric~14! is often convenient because of its simplicit
@In Sec. V, we calculate the behavior of the five-dimensio
Weyl tensor in the presence of a perturbatively small mas
black hole in the bulk not directly in Eq.~5! but in Eq.~14!.#

The background equations on the brane, Eqs.~6! and~7!,
can be described by the four-dimensional Brans-Dicke~BD!
theory with the action

S4,e f f5
1

2k4
2E d4xA2g4FwBD

(4)R2
vBD

wBD
~]wBD!2G

2E d4xA2g4Ve f f~wBD!, ~17!

where

wBD5eA2bkw, vBD5
1

2b2
,

k4
2Ve f f~wBD!52l0

2d
D14

D

1

wBD
. ~18!

III. EFFECTIVE EQUATIONS ON THE BRANE

In this section, we derive the effective gravitational equ
tions on the brane using the covariant curvature formal
developed in Refs.@5,16#. Using the Gauss equation and I
rael’s junction condition, we obtain the induced fou
dimensional Einstein equations on the brane as

(4)Gmn52 (4)Lqmn1
2

3
k2Tmn

(b)2Emn , ~19!

where

Tmn
(b)5DmwDnw2

5

8
qmn~Dw!2, ~20!

(4)L5
k2

2 FL1
k2

6
l22

1

8 S dl

dw D 2G
5

d

2
l0

2e22A2bkw, ~21!

and

Emn5 (5)Cmanbnanb. ~22!

We definedDm as the covariant derivative with respect to t
induced metric on the brane. We note that four-dimensio
cosmological constant(4)L is proportional tod, which rep-
resents a deviation from the Randall-Sundrum tuning. T
four-dimensional gravitational equation on the brane,
~19!, includes the projected Weyl tensorEmn , which cannot
be determined without solving the bulk dynamics in gene
This term plays an essential role when we consider the
mological perturbations in brane world models. Taking t
04351
l
of

-

al

e
.

l.
s-
e

divergence of the four-dimensional effective equations a
using the four-dimensional Bianchi identity, we obtain t
constraint equations forEmn as

DmEmn5
2k2

3
DmTmn

(b)2Dm (4)Lqmn . ~23!

BecauseEmn contains the contribution from the bulk sca
lar field, it is convenient to separate the contributions of
bulk scalar field fromEmn . We define

2Emn5A2bk~DmDnw2qmnD2w!

12b2k2@DmwDnw2qmn~Dw!2#

1
k2

3 S DmwDnw2
1

4
qmn~Dw!2D

1
6b2

D
l0

2de22A2bkwqmn1Fmn , ~24!

We also rewrite the equation of motion for the scalar field
the brane as

D2w1A2bk~Dw!224A2
b

k
l0

2d

D
e22A2bkw5Fw . ~25!

From the traceless condition ofEmn , Fm
m are related toFw as

Fm
m53A2bkFw . ~26!

The equations derived from the effective action~17! agree
with Eqs.~24! and ~25! with Fmn50 andFw50. ThusFmn

and Fw are expected to describe the contribution of K
modes. It should be noted that a similar decomposition
Emn was considered in Ref.@38#.

Substituting the expression forEmn , Eq. ~24!, and using
the equation of motion for the scalar field, Eq.~25!, we can
rewrite the 4D Bianchi identity~23! as

DmFmn1A2bkDmwFmn52k2DnwFw . ~27!

In general, this constraint equation is not sufficient to co
pletely determine the behavior ofFmn andFw on the brane.

IV. DARK RADIATION IN COSMOLOGICAL
PERTURBATIONS

In this section, we consider the dark radiation in cosm
logical perturbations on the brane. Since dark radiation c
responds to scalar-type perturbations, we restrict our at
tion to cosmological perturbations of this type throughout
paper. It is assumed thatFmn50 andFw50 for the back-
ground spacetime in Koyama-Takahashi model.

First, we show that dark radiation appears as a solution
the constraint equations fordFmn anddFw on the brane, Eq.
~27!, at large scales in Sec. IV A.dFmn anddFw have four
independent variables for scalar perturbations. We also s
that two of the four variables cannot be determined by th
constraint equations~27!.

Next, we calculate the exact solution ofdFmn and dFw

using the solutions for the five-dimensional perturbed E
stein equations obtained by Refs.@29,30,37# in Sec. IV B.
3-3
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We then investigate the relation between dark radiation
bulk perturbations.

A. View from the brane

Here we consider dark radiation as a solution of the c
straint equations fordFmn and dFw on the brane, Eq.~27!.
First, we expanddFmn in terms of the scalar harmonics as

dFtt5drFY,

dFti5eadqFYi ,

dFi j 5e2aS 1

3
~drF13A2bkdFw!Yd i j 1dpFYi j D ,

~28!

whereY(k,x)}eikx is the normalized scalar harmonics a
the vectorYi and traceless tensorYi j are constructed fromY
asYi52k21Y,i , Yi j 5k22Y,i j 1d i j Y/3.

The four-dimensional perturbed Einstein equations a
the equation for the scalar field are not closed but inclu
four variablesdrF , dqF , dpF , and dFw . The concrete
forms of these equations are presented in Appendix A.
the other hand, there are constraint equations ondFmn and
dFw @Eq. ~27!#. For scalar-type perturbations, these beco
two equations as follows:

~] t14ȧ1A2bkẇ!drF2ke2adqF50,
~29!

~] t14ȧ1A2bkẇ!dqF

1ke2aS 2

3
dpF2

1

3
drF2A2bkdFwD50.

~30!

Here we used the condition, Eq.~26!. At large scales
ke2a/H→0, we can neglect the term proportional todqF in
Eq. ~29!. The solution of drF is given by drF

5dCe24a2A2bkw. This corresponds to dark radiation~here-
after we call this dark radiation although this does not
have as a radiation forbÞ0). It can be checked that th
integration constantdC is related to the perturbatively sma
black hole mass in the bulk~see Sec. V!. On the other hand
we cannot determinedpF because it is dropped from Eq
~30! for ke2a/H→0. This uncertainty prevents us from pr
dicting CMB anisotropies in brane world models@27,28#.
This issue is discussed in the Sec. VI.

Since there are only two constraint equations, two of
four variables cannot be determined. On the other hand, t
are two physical degrees of freedom in the bulk for sca
type perturbations. One of them corresponds to the sc
field and the other to the graviscalar. To investigate the r
tion between dark radiation and bulk perturbations, we n
to obtain the exact solutions fordFmn anddFw . This can be
achieved only when we solve the bulk gravitational field a
determine the behavior of the two unknown variables.
04351
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B. View from the bulk

In the preceding section, we showed that we must so
the bulk gravitational field in order to completely determi
the contributions ofFmn and Fw to cosmological perturba
tions on the brane. Here, we first summarize the two in
pendent solutions of five-dimensional Einstein equations
scalar perturbations obtained in Ref.@37# in Sec. IV B 1.
Using these solutions, we then calculate and investigate
behavior of the contributions ofFmn andFw to cosmological
perturbations on the brane in Sec. IV B 2. Finally we discu
their relation to dark radiation in Sec. IV B 3.

1. Solutions of the bulk gravitational field

Here, we present the two independent solutions of fi
dimensional Einstein equations for scalar perturbations
tained in Ref.@37#. The perturbed metric and scalar field a
given by

ds25e2W(y)$e2A2bkw(t)~112NY!dy212AYdtdy

2~112FY!dt21e2a(t)@~112CY!d i j dxidxj

12EYi j dxidxj12BYidxidt12CYidxidy#%,

w5w~ t !1J~y!1dwY. ~31!

We note that any gauge condition is not imposed here.
Under a scalar gauge transformation,

t→ t̄ 5t1j tY,

y→ ȳ5y1jyY,

xi→ x̄i5xi1jSYi , ~32!

the metric variables transform as

N→N̄5N2jy 82W8jy2A2bkẇj t,

A→Ā5A1j t 82e2A2bkwj̇y,

C→C̄5C1e22a12A2bkwkjy2jS8,

F→F̄5F2W8jy2 j̇ t,

B→B̄5B2e22akj t2 j̇S,

E→Ē5E1kjS,

C→C̄5C2
1

3
kjS2W8jy2ȧj t,

dw→dw̄5dw2ẇj t2J8jy, ~33!

where the prime denotes the derivative with respect toy. In
our background spacetime, the gauge fixing condition
posed in Ref.@37# corresponds to

N5A2bkdw, A5C50. ~34!
3-4
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These conditions do not fix the gauge completely. We
this remaining degree of freedom to keep the brane loca
unperturbed aty5y0. Then, the boundary conditions on th
brane for all the remaining variables become Neuma
boundary conditions:

]yNuy0
5]yFuy0

5]yCuy0
5]yEuy0

5]yBuy0
50. ~35!

All variables can be expanded by the same mode fu
tions in they direction as

F5F0~ t !c0~y!1( Fm~ t !cm~y!, . . . , ~36!

wherec0 is constant, and

cm~y!5c~sinhHy!1/21mB21/21 in
21/22m ~coshHy!,

Bg
b~coshHy!5Q21/21 in

1/22m ~coshHy0!Pg
b~coshHy!

2P21/21 in
1/22m ~coshHy0!Qg

b~coshHy!,

~37!

m52
1

~D12!
, ~38!

n~m!5Am2

H2
2m2, ~39!

where c is a normalization constant. The first and seco
terms in Eq.~36! represent the zero and KK modes, resp
tively. m2 represents the squared KK mass for observers
the four-dimensional brane. There is a mass gapdm5mH
between the zero mode and the KK continuum. The mo
with 0,m,mH are not normalizable.Pb

a andQb
a are asso-

ciated Legendre functions.
We now turn to the mode functions in thet direction. For

the zero mode, we have another gauge degree of freedom
is evident from Eq.~33!, gauge transformation satisfyingjy

50 andj t 85jS850 do not disturb the conditions~34!. We
can use this degree of freedom to setB5E50, because the
solutions do not depend ony for the zero mode. The solu
tions are given by

N05A2bkdw0

5c0

1

3

D12

D13 S rm2
3D18

D14
rm22D ,

C052c0

2

3

D12

D13 S rm1
1

D14
rm22D ,

F052C02N0 , ~40!

wherec0 is a constant andra is defined as

ra~h!5~2kh!mHa~2kh!, ~41!
04351
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whereHa is an arbitrary linear combination of Hankel func
tions Ha

(1) and Ha
(2) . We note that the number of physica

degrees of freedom is one for the zero mode. This solutio
already obtained by Koyama and Takahashi@29,30#.

The solutions for the KK modes in the gauge conditi
~34! are obtained as

Nm5A2bkdwm

52
1

3

3D18

D14
$c1@~2m21!khr in21

1~ in1m!~ in1m21!r in#12c2r in%, ~42!

Fm5c1~2kh!2r in1Nm , ~43!

Cm52
1

3
c1~2kh!2r in , ~44!

Em5c1~2kh!2r in2
2

D14
c1@~2m21!khr in21

1~ in1m!~ in1m21!r in#1
3D18

D14
c2r in , ~45!

Bm52c1e2akh@~ in1m21!r in1khr in21#. ~46!

We should note that the solution obtained in Ref.@30#
is a particular solution wherec1 and c2 are related~see
Appendix B!.

2. Solutions for Fµn and Fw

Next, we calculate the solutions fordFmn anddFw , using
the solutions of the bulk gravitational field summariz
above. The above two solutions are obtained in the Gauss
normal gauge condition with respect to the brane. Afte
gauge transformation to the longitudinal gauge~see Appen-
dix B!, we substitute the solutions projected on the brane i
the four-dimensional perturbed Einstein equations in App
dix A @Eqs. ~A2!, ~A4!, ~A5!, and ~A7!#. Then we obtain
dFmn anddFw as

drF52 c̃1e22ar in~h!cm~y0!, ~47!

dqF5 c̃1e22a~kh!21@~ in1m21!r in~h!

1khr in21~h!#cm~y0!, ~48!

dpF5 c̃1~ in1m21!e22aF 1

in21 S r in~h!

1
m

in1m21
r in22~h! D22

in1m

D14

r in~h!

k2h2 Gcm~y0!

1 c̃2

3D18

D14
e22a~kh!22r in~h!cm~y0!, ~49!
3-5
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dFw5 c̃1A2bk21~ in1m21!e22a

3F2
in1m

D14

r in~h!

k2h2
2

m

~ in1m21!~ in21!

3@r in~h!1r in22~h!#Gcm~y0!

1 c̃2

4A2bk21

D14
e22a~kh!22r in~h!cm~y0!, ~50!

where

c̃15~ in1m!~ in2m!k2c152
m2

H2
k2c1 , ~51!

c̃25~ in1m!~ in2m!k2c252
m2

H2
k2c2 .

~52!

As expected,dFmn anddFw vanish form250.

3. Dark radiation and bulk perturbation

In Sec. IV B 2, we calculated the contributions of the bu
perturbation toFmn and Fw on the brane. Here, we discus
their relation to dark radiation. As mentioned before, th
are two physical degrees of freedom in the bulk for sca
perturbations. One of them corresponds to the scalar fi
and the other to the graviscalar. Since thec2 component of
drF vanishes, it is expected that the solution ofc1 includes
dark radiation at large scales and thus corresponds to
graviscalar. This can be explicitly shown if we takein1m
2150 and a linear combination of Hankel functions:

Ha
(1)~2kh!1e22iapHa

(2)~2kh!52e2 iapJ2a , ~53!

such thatHa(2kh)}(2kh)2a for 2kh→0. In this case,
the above solutions fordFmn anddFw becomes

drF52~122m!c1e22ar12mcm~y0!

}2 c̃1e24a2A2bkw, ~54!

dqF}2 c̃1

2kh

2m
e24a2A2bkw, ~55!

dpF}2 c̃1

~2kh!2

4m~m11!
e24a2A2bkw

1 c̃2

3D18

D14
h22e24a2A2bkw, ~56!

dFw} c̃1A2bk21e24a2A2bkw

1 c̃2

4A2bk21

D14
h22e24a2A2bkw, ~57!
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for 2kh→0. The time dependence ofdrF coincides with
that of the solution of the constraint equation~29! for large
scales. It should be noted that the conditionin1m2150
can be written as

m25~2m21!H2~,m2H2!. ~58!

This is quite an interesting result. The dark radiation cor
sponds to a non-normalizable KK mode. For the RS mo
b50, the mass squared becomes 2H2.

It should be also emphasized that the behavior ofdpF ,
which corresponds to dark radiation, is obtained here@Eq.
~56!#. This variable cannot be known by the constraint eq
tion ~30! becausedpF is dropped fork→0. As mentioned
above, this uncertainty prevents us from predicting CM
anisotropies in brane world models@27,28#. This issue is
discussed later in the Sec. VI.

V. BLACK HOLE IN THE BULK AND A KK MODE

In the preceding section, we showed that dark radiat
corresponds to a non-normalizable KK mode of cosmolo
cal perturbations. Here, we discuss the connection betw
this KK mode and the black hole in the bulk when the bla
hole mass is perturbatively small.

There is a black hole solution for a bulk scalar field wi
an exponential potential, which coincides with the bac
ground spacetime of the Koyama-Takahashi model when
black hole mass vanishes. We first review this black h
solution in Sec. V A. We also calculate the behavior ofEmn

in the case where the black hole mass is perturbatively sm
We also calculate the perturbation ofEmn using the solutions
of the perturbed five-dimensional Einstein equations forin
1m2150. It is shown that the asymptotic behavior ofEtt
in the bulk coincides with that which originates from th
black hole in the bulk.

A. Black hole solution with a bulk scalar field

Here we review a black hole solution with a bulk sca
field that has the exponential potential in the bulk, Eq.~2!.
When the black hole mass vanishes, this solution coinci
with the background spacetime of the Koyama-Takaha
model.

We can find a static solution for the bulk with vanishin
cosmological constant as@10,13,39#

ds252h~R!dT21
R3D18

h~R!
dR21R2d i j dxidxj , ~59!

w53A2bk21ln~R! ~60!

where

h~R!5l̃0
2R22CR6b222 ~61!

and C is an arbitrary constant that is related to black ho
mass. Here we defined
3-6
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l̃0
25

l0
2

18S 11d
8

D D . ~62!

For b50, this solution becomes AdS-Schwartzshild. T
Friedmann equation on the brane with the tension@Eq. ~3!# is
obtained as@13#

S Ṙ

R
D 2

5
4

9 S d

2D Dl0
2R2(3D18)1CR2(3D116)/2, ~63!

where dot is the derivative with respect to cosmic time on
brane.

For C50, the background spacetime~14! can be obtained
from this metric by a coordinate transformation,

R5S 2
3

2
l̃0~D12!zD 2/3(D12)

, ~64!

T5
t

l̃0

. ~65!

When there is a perturbatively small mass of black hole
the bulk, the metric~14! is modified as

ds25e2P(z)$@11dC f~z!#dz2

2@12dC f~z!#dt21d i j dxidxj%, ~66!

where

f ~z!5
1

l̃0
2

R~z!6b224, ~67!

and dC is perturbed black hole mass. It is noted that t
modification cannot be regarded as a perturbation atz→` or
R→0. We focus our attention to the region sufficiently f
from the black hole so that the above modification can
treated as a perturbation. We can easily calculate the fi
dimensional Weyl tensor in this coordinate system as

Ctztz52
1

4
dCR~z!2]z

2f ~z!. ~68!

By a coordinate transformation~16!, this is related to the
Weyl tensor in our background spacetime~5! as

Chyhy5h2H2Ctztz . ~69!

Finally, we obtain the behavior ofEtt :

dEtt5
9

8
DdCe24a2A2bkwS sinhHy

sinhHy0
D 2m21

. ~70!

Other components can be obtained by the homogeneity
isotropy of three-dimensional spatial coordinates and
conditionEm

m50.
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B. Perturbations of Eµn in the bulk

Here we calculate perturbations ofEmn in the bulk, using
the solutions of the five-dimensional perturbed Einst
equations forin1m2150 at large scales. In Appendix C
we present the perturbation formula for the five-dimensio
Weyl tensor in the Gaussian normal gauge. Substituting
solutions of the bulk gravitational field, we get

dEtt52
D

4
c1k2e22ar12mS 1

H2
]y

2cm~y!2cm~y!D .

~71!

Here we tookin1m2150 and2kh→0. Using the solu-
tion for cm(y), they dependence ofEtt can be evaluated a

1

H2
]y

2cm~y!2cm~y!

52
2m

122m
~sinhHy!1/21mB1/22m

3/22m~coshHy!.

~72!

On the brane, due to the junction condition, we can show

B1/22m
3/22m~coshHy0!5~122m!B1/22m

21/22m~coshHy0!. ~73!

ThenEtt on the brane is given by

dEtt~y0!5
D

2
c1k2e22amr12mcm~y0!. ~74!

Comparing this solution with Eq.~70!, it is possible to ex-
pressc1 by the black hole massdC as

c1k25
9

4

~2Hh!2m21

mr12m
cm~y0!21dC. ~75!

We note that the left-hand side does not depend on time
2kh→0. We can also rewrite the induced four-dimension
Einstein equation~19! in accordance with the Friedman
equation~63! as

(4)Gmn5
8

3D
(4)Lqmn2Ẽmn , ~76!

where

2Ẽmn52Emn1
2

3
k2Tmn

(b)2
2b2

D
l0

2de22A2bkwqmn .

~77!

If we substitute the solutions forin1m2150 and then use
the relation~75!, Ẽtt becomes

2dẼtt53dCe24a2A2bkw. ~78!

Clearly, this corresponds to the dark radiation term in E
~63!. Finally we investigate they dependence ofEtt . For
largeHy, they dependence ofEtt behaves as
3-7
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1

H2
]y

2cm~y!2cm~y!}~sinhHy!2m21. ~79!

This behavior is precisely the same asdEtt derived from the
black hole solution. Thus the correspondence is held als
the bulk.

In the perturbation solutions, there is also an anisotro
part of Emn . The result forin1m2150 is

dpE52
8

3D

~2kh!2

4m~m11!
dEtt , ~80!

wheredpE is defined in the same way withdpF .

VI. SUMMARY AND DISCUSSION

In this paper, we discussed the connection between d
radiation and bulk perturbations in a dilatonic brane wo
based on a model proposed by Koyama and Takah
@29,30#. We first derived the four-dimensional effective Ei
stein equations on the brane developed in Refs.@5,16#. We
separated the contributions of the bulk scalar field fromEmn .
Then the four-dimensional effective theory becomes the
theory with the corrections given byFmn and Fw . We then
considered dark radiation in cosmological perturbations
the brane. The perturbed Einstein equations include the
variablesdrF , dqF , dpF , anddFw , which carry the infor-
mation in the bulk. There are two constraint equations
tained from the four-dimensional Bianchi identity. W
showed that the dark radiation appears as a solution for
constraint equations at large scales.

We can derive a complete set of the solutions
drF , dqF , dpF , and dFw only when we solve the bulk
gravitational fields, which have two physical degrees of fr
dom: the scalar field perturbation and the graviscalar.
calculateddrF , dqF , dpF , and dFw on the brane using
these two independent solutions of the bulk perturbati
obtained in Refs.@29,30,37#. We found that if we take a
non-normalizable KK mode with massm25(2m21)H2, the
contribution from the graviscalar in the bulk corresponds
dark radiation at large scales. We also checked that this
lution corresponds to the excitation of a small black hole
the bulk by calculatingdEtt . It was shown that the
asymptotic behavior ofdEtt induced by the KK mode with
mass m25(2m21)H2 precisely agrees with that derive
from the black hole solution with a small black hole mas

The perturbation of the small black hole mass bre
down approaching the black hole. We need to include
nonlinear effect. Thus we expect that non-normalizability
the mode is cured if we take into account the nonlinear
fect. For the homogeneous and isotropic cases, we know
resultant nonlinear solution, that is, the black hole spaceti
A nontrivial result here is that the KK mode also induces
anisotropic component ofEmn , which vanishes in the long
wavelength limit. This anisotropic component has the samy
dependence asdEtt . Thus in order to discuss the bulk ge
ometry at largeHy with anisotropy, it is necessary to find
nonlinear solution with anisotropy. This deserves further
vestigation.
04351
in

ic

rk

hi

D

n
ur

-

he

r

-
e

s

o
o-

s
e
f
f-
he
e.
n

-

Now we discuss the behavior ofdpF related to dark ra-
diation, which plays an important role when we compu
CMB anisotropy in brane world models. As shown in Se
IV B 2, dpF that originates from the perturbatively sma
black hole mass in the bulk is related todrF at large scales
as

dpF5
~2kh!2

4m~m11!
drF . ~81!

Let us compare this result with the one obtained in R
@28# in the RS two-brane model by solving the bulk geom
etry using a low energy approximation@40#. ~It should be
noted that we are assumed to live on the positive tens
brane.! In Ref. @28#, the matter on the brane is assumed
have the equation of stateP5wr. If we consider the four-
dimensional cosmological constant as the matter on
brane (w521), the model in Ref.@28# corresponds to our
model with b50 except for the existence of the seco
brane. If the distance between two branes is constant,
solution for an anisotropic component ofEmn becomes

k4
2dpF5

1

5
k2a22

drF

r
~82!

5
1

5
k2a22

dCra
24

r
, ~83!

wherea is the cosmic scale factor andk4
2r53H2. dCr is the

integration constant associated with the perturbation of
radion, which is defined as the physical distance betw
two branes. If we rewrite the above relation using the co
formal time, the result~83! becomes

dpF5
~2kh!2

15
drF . ~84!

This relation is exactly the same as Eq.~81! for b50 (m
53/2). It is a somewhat surprising result. Despite the f
that the low energy expansion scheme is applicable only
the two-brane model, our result shows that it can be use
investigate the bulk gravitational field in the one-bra
model if we choose the boundary condition at the seco
brane properly. We plan a more detailed study on the eff
tiveness of the low energy expansion scheme using our
actly solvable model@41#.

In this paper, we did not consider the normalization of t
perturbations. This can be fixed if we perform the quanti
tion of the perturbations. This was partially done in Ref.@29#
for the scalar field perturbation. However, precisely spe
ing, we need to quantize two degrees of freedom indep
dently. This issue is also left for a future study@41#.
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APPENDIX A: PERTURBED EINSTEIN EQUATIONS
ON THE BRANE

In this appendix, we present the perturbed effective fo
dimensional Einstein equations. The linear scalar metric
scalar field in the longitudinal gauge is taken as

ds252@112F~ t !Y#dt21e2a@112C~ t !Y#d i j dxidxj ,

w5w1dwY. ~A1!

The perturbed four-dimensional Einstein equations
given as follows. For (t,t),

6ȧ2S F2
Ċ

ȧ
D 22k2e22aC

52drF23A2bkȧẇS F2
Ċ

ȧ
D 1A2bkk2e22adw

22A2bk
D14

D
l0

2de22A2bkwdw. ~A2!

For (i ,i ),

C̈13ȧĊ22Fä23ȧ2F2ȧḞ1
1

3
k2e22a~C1F!

52A2bkS ~Ċ22ȧF!ẇ2ẅF2
1

2
ẇḞ1

1

2
dẅ

1ȧdẇ1
1

3
k2e22adw D1

D111/3

2
k2~ ẇ2F2ẇdẇ !

1A2bk
D14

D
l0

2de22A2bkwdw

2
1

6
~drF13A2bkdFw!. ~A3!

For (i , j ),
04351
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e

2k2e22a~F1C1A2bkdw!5dpF . ~A4!

For (t,i ),

22ke2a~Ċ2ȧF!5
2k2

3
ke2aẇdw1A2bkke2a

3~dẇ1A2bkẇdw2ẇF!2dqF .

~A5!

Introducing a canonical variable for scalar perturbation

Q5dw2
ẇ

ȧ
C5dw2

3A2b

k
C, ~A6!

the perturbed scalar field equation can be rewritten as

Q̈1~3ȧ1A2bkẇ!Q̇1k2e22aQ

52A2bk21~drF1dpF!2dFw . ~A7!

Here we used the scalar field equation~25! and the four-
dimensional Einstein equations~A2!, ~A3!, and ~A4!. It
should be noted thatQ is related to the curvature perturba
tion as

Rc5
ȧ

ẇ
Q, ~A8!

which affects the amplitude of the CMB anisotropy.
The above Einstein equations and the equation forQ are

not closed but include the terms due to the KK modes.
shown in the Sec. IV A, the constraint equations~27! for
dFmn anddFw are not sufficient to determine these variable
We must solve the bulk dynamics to completely understa
cosmological perturbations on the brane.
itudinal
APPENDIX B: SOLUTIONS IN THE LONGITUDINAL GAUGE

In this appendix, we present the solutions of five-dimensional Einstein equations for scalar perturbation in the long
gauge. By a gauge transformation of the solutions given in Sec. IV B 1 to the longitudinal gauge, we get

CL52
2

3~D12!

in1m21

in21
c1FD12

D14
~ in1m!~ in2m!%~h!cm2%~h!

coshHy

sinhHy

cm8

H

1
2

D14
~ in21!~ in1m!

r in

~2kh!2
zm~y!G1

3D18

3~D14!
c2F in1m21

in21
%~h!cm1

2

D12

r in

~2kh!2
zm~y!G , ~B1!
3-9
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FL5
2

3~D14!
~ in1m!~ in1m21!c1F2

1

~ in1m!~ in21!
%~h!S ~ in1m!~ in2m!cm2

D14

D12

coshHy

sinhHy

cm8

H D
2

2

D12

r in

~2kh!2

coshHy

sinhHy

cm8

H
1~ in2m!~3in132m!

r in

~2kh!2
cmG2

3D18

3~D14!
c2F S 2r in1

4m23

2~ in21!

3~r in1r in22!1~ in2m!~3in132m!
r in

~2kh!2D cm2
2

D12

r in

~2kh!2

coshHy

sinhHy

cm8

H G , ~B2!

NL52CL2FL , ~B3!

AL52k21eacm8 Fc1khm
in1m21

in21
~r in1r in22!

2
3D18

D14 S c22
2c1

3D18
~ in1m!~ in1m21! D 1

kh
~khr in211~ in2m11!r in!G , ~B4!

dwL53A2bk21~2c2r in1CL!, ~B5!

where

%~h!5r in1
m

in1m21
r in22 , ~B6!

zm~y!5~ in2m!cm1
coshHy

sinhHy

cm8

H
. ~B7!

If we take

c15
c2~3D18!

2~ in1m!~ in1m21!
, ~B8!

this solution becomes the one already obtained by Koyama and Takahashi@29,30#.

APPENDIX C: PERTURBATION FORMULAS FOR 5D WEYL TENSOR

In this appendix, we give the Wey tensor in our background spacetime. Here we take the Gaussian normal gauge
~34!. The explicit expressions are as follows:

C5
e2W

2
@F92C9#1

e2W12A2bkw

2 F2N̈1C̈2
k

3
Ḃ1A2bkẇS Ḟ1Ċ2

k

3
B22ṄD1ȧ~Ṅ2Ḟ!

22N~A2bkẅ12b2k2ẇ22ä2A2bkẇȧ!G1
k2

6
e2W12A2bkw22aFN1F22C2

2

3
EG , ~C1!

C252
2

3
e2WE91

k2

3
e2W12A2bkw22aF22N1C1F1

1

3
EG

2
1

3
e2W12A2bkw@Ë1kḂ2~Ė1kB!~2A2bkẇ23ȧ !1E~A2bkẅ12b2k2ẇ22ä2A2bkẇȧ!#, ~C2!

where we expandedd (5)Cmyny in terms of the scalar harmonics as

d (5)Ctyty5CY,

d (5)Ciy jy5e2aS 1

3
CYd i j 1C2Yi j D . ~C3!
043513-10
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